Theorem 1.1. There is a finite coarea discrete group G e PSLð2; QÞ not commensurable with the modular group whose cusp set is precisely Q W fyg.
In fact we will exhibit four mutually noncommensurable such groups; we do not know whether there are infinitely many such commensurability classes.
Note that the condition on the cusp set of G implies that its limit set will coincide with that of PSLð2; ZÞ, namely the whole of R W fyg and hence one needs only stipulate that such a group is finitely generated to ensure that H 2 =G has finite area.
For our purposes, it is slightly more convenient to work with a subgroup D e PGLð2; QÞ for which H 2 =D is topologically a torus with a single cusp; we will have an identification of G with the subgroup of index four defined by the canonical kernel kerfp 1 ðH 2 =DÞ ! H 1 ðH 2 =D; Z 2 Þg.
A complete hyperbolic surface H 2 =D arising from a discrete group D e PGLð2; QÞ which is not commensurable with PSLð2; ZÞ and has cusp set precisely Q W fyg we shall call a pseudomodular surface and D a pseudomodular group.
The existence of pseudomodular surfaces has various interesting corollaries. For example they provide a kind of nonstandard Euclidean algorithm for the rational numbers as well as a pseudo-Farey tessellation of the hyperbolic plane. We shall show elsewhere that they can be used to construct new generalizations of Dedekind sums.
The paper is organized as follows. In §2 we introduce a family of groups Dðu 2 ; 2tÞ each of which defines a finite area complete torus for 0 < u 2 < t À 1. Roughly speaking, u 2 is a degree of freedom coming from the placement of a single cusp and 2t measures the translation length of the parabolic element stabilising infinity. If u 2 and t are chosen to be rational, then the cusp set of Dðu 2 ; 2tÞ will be contained in the rational numbers. We note in passing that it follows from results in [7] (see Chapter 9, Theorem 1.4.2) that the groups Dðu 2 ; 2tÞ are all quasiconformal deformations of the punctured torus group inside the modular group.
In this paper we focus on what appear to be the two simplest cases, namely 2t ¼ 4; 6.
Our normalization is such that Dð1; 6Þ is the modular torus arising as a subgroup of index 6 in PSLð2; ZÞ. In fact we are able to analyse completely the values for which the groups Dðu 2 ; 6Þ and Dðu 2 ; 4Þ are arithmetic; there are only finitely many, we give the (small) list in Theorems 2.2 and 2.3.
The main theorem is proved in 2.1; there it is shown that for certain values of ðu 2 ; 2tÞ, the group Dðu 2 ; 2tÞ is a nonarithmetic group whose cusp set is precisely the rational numbers, as promised by Theorem 1.1. Specifically, we show: Theorem 1.2. The groups Dðu 2 ; 2tÞ for ðu 2 ; 2tÞ in the set fð5=7; 6Þ; ð2=5; 4Þ; ð3=7; 4Þ; ð3=11; 4Þg are all pseudomodular and noncommensurable.
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We examine various aspects of the group Dð5=7; 6Þ, including giving an estimate for its Hurwitz constant and proving some comparison theorems for the size of a horoball at the rational p=q coming from the groups PSLð2; ZÞ and Dð5=7; 6Þ. In §3.3, we describe how pseudomodular groups can be used to give di¤erent versions of the Farey tessellation of H 2 .
In §4 we use these groups to prove some new results concerning the finitely generated intersection property, giving negative answers to questions 11 and 12 of the problem list [2] . We show: Theorem 1.3. Let V be the collection of all rational primes excluding 2 and 5. Then SLð2; Z½SÞ does not have fgip for any finite set of S H V of primes inverted.
The method of proof for 1.1 is to construct a certain covering of the reals by ''killer intervals''; these intervals are associated to a certain finite collection of group elements which yield a nonstandard version of the Euclidean algorithm. When such a covering exists the group is pseudomodular.
In fact, general considerations show that for any value of ðu 2 ; 2tÞ the killer intervals form an open dense subset of the reals and a group may fail to be pseudomodular because some rational lies outside this set. However, it seems worth noting that there are several values of u 2 for which there is very strong computer evidence that Dðu 2 ; 2tÞ is pseudomodular but the computation seems to be a degree of di‰culty harder than that for the values listed in the above theorem; such groups seem to suggest the possibility that there are groups where the open dense set contains the rational numbers, but fails to be a covering. In §5 we include some calculations for the groups Dðu 2 ; 2tÞ for small values of u 2 and 2t ¼ 4; 6 which illustrate these various behaviours.
In §6 we compile a list of open questions related to the groups Dðu 2 ; 2tÞ. Finally, §7 is an appendix containing the data for a calculation used in 2.1.
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The groups D(u 2 , 2t)
In this section we exhibit a family of groups Dðu 2 ; 2tÞ, each of which is H 2 =Dðu 2 ; 2tÞ a complete finite area once punctured torus. It is convenient to work in GLð2; RÞ. If u 2 and t are rational, then the group Dðu 2 ; 2tÞ can be taken to lie inside GLð2; QÞ. Actually, we prefer to allow nonrational matrices of determinant 1, but each such will be of the form ffiffi r p M for M A GLð2; QÞ and r A Q so that the passage to the canonical subgroup of index 4 has image in SLð2; QÞ.
Consider the fundamental domain depicted in Figure 1 .1 below.
Choose isometries g 1 mapping the directed edge fÀ1; 0g to the directed edge fy; u 2 g and g 2 mapping fy; À1g to fu 2 ; 0g. Any such choice will give a discrete group, abstractly isomorphic to a free group of rank two as well as a hyperbolic metric on the quotient H 2 =Dðu 2 ; 2tÞ. In general this metric will not be complete; the completeness condition is arranged by making choices so that the commutator is a parabolic element. A convenient choice is
After a small computation, one finds that
In this paper we will explore the cases that the parabolic is translation by 4 and 6; other choices are, of course, possible, but they seem computationally more di‰cult.
Understanding the behaviour of the cusp sets of these groups for various values of u 2 and t seems to be a di‰cult problem. We begin with some trivial observations. [6] now imply that the image groups are conjugate in SLð2; CÞ and hence in GLð2; QÞ, since rational points are preserved.
A similar computation (applied to the same triple) also proves the result in the other case. r
This lemma implies that we need never consider u 2 outside the range 0 < u 2 e 1 in the first case and 0 < u 2 e 1=2 in the second.
Notice that it is elementary that for most values of u 2 , the groups Dðu 2 ; 2tÞ are not commensurable with SLð2; ZÞ since there will be a trace in the canonical kernel which is not a rational integer, for example in the group Dð2=3; 6Þ the trace of g The condition that Dðu 2 ; 2tÞ is commensurable with PSLð2; ZÞ is equivalent to the statement that Dðu 2 ; 2tÞ is arithmetic; it turns out that we can analyse this situation completely for the groups in which we are interested: Theorem 2.2. When 0 < u 2 e 1, the group Dðu 2 ; 6Þ is arithmetic precisely for
Proof. It is well-known [18] that to check that a non-cocompact Fuchsian group G of finite co-area is arithmetic it su‰ces to check that tr g 2 A Z for all g A G. By [9] , Corollary 3.2 it su‰ces to check tr g 2 on a generating set (assuming the elements are not of order 2). One checks easily that at these values the three traces trðg 1 :g 1 Þ, trðg 2 :g 2 Þ, trðg 1 :g 2 :g 1 :g 2 Þ are rational integers so that those groups are arithmetic.
For the converse, we note that if we write trðg 2 :g 2 Þ ¼ l this yields the equation
and considering this as an equation in u 2 it has discriminant 4ðl þ 2Þðl À 7Þ; so that for a rational solution in u 2 , we need to find for which rational integers l one has that ðl þ 2Þðl À 7Þ is a nonnegative square.
Clearly, there are solutions l ¼ 7; À2; henceforth we suppose that ðl þ 2Þðl À 7Þ is a nonzero square. Finally, we suppose that a ¼ ðl þ 2Þ and b ¼ ðl À 7Þ are not coprime to each other. Consideration of a À b shows that this prime must be 3.
Writing ðl þ 2Þ ¼ 3l 1 and ðl À 7Þ ¼ 3l 2 , the hypothesis gives that 9l 1 l 2 and hence l 1 l 2 is a square. Expressing this in terms of l 2 we see that l 2 ðl 2 þ 3Þ is a square.
In the case that l 2 and ðl 2 þ 3Þ are coprime to each other, the same analysis as above shows that the only solutions are l 2 ¼ 1; À4 which gives l ¼ 10; À5. If not, the prime is still 3 and an entirely analogous argument shows that l 2 ¼ 0 which has been ruled out.
Examination of the solutions for u 2 for these values of l implies the theorem. r
Remark. Professor Masser has pointed out that one can give an argument without appealing to Pythagoras' theorem: One may check that that if l > 23 then ð2l À 6Þ 2 < 4ðl þ 2Þðl À 7Þ < ð2l À 5Þ 2 and so 4ðl þ 2Þðl À 7Þ cannot be a square. Similarly for l < À18, then ð2l À 4Þ 2 < 4ðl þ 2Þðl À 7Þ < ð2l À 5Þ 2 . One examines the intermediate cases directly.
A similar analysis reveals Theorem 2.3. When 0 < u 2 e 1=2, the group Dðu 2 ; 4Þ is arithmetic precisely for
As observed in the introduction, it is clear that for u 2 and 2t rational, the cusp set of Dðu 2 ; 2tÞ is a subset of the rationals. However one can show that for certain values, the cusp set must be a proper subset of Q. A simple example is given by u 2 ¼ 2=3 and 2t ¼ 6-in this case we have
Long and Reid, Pseudomodular surfaces and one finds that the fixed point equation for this matrix (see below) is ð2 þ QÞðÀ1 þ 3QÞ ¼ 0; that is to say that the rationals À2 and 1=3 are fixed by g 2 . It is a standard fact [4] , that in a discrete group, a point fixed by a hyperbolic element of the group cannot also be fixed by a parabolic element of the group, so that neither À2 or 1=3 can be cusps of Dð2=3; 6Þ.
Let G be a discrete subgroup of PSLð2; CÞ, and g A G a hyperbolic element, represented by the matrix:
with c 3 0. The fixed-point equation is given by cz 2 þ ðd À aÞz À b ¼ 0, and solving gives the two fixed points:
The case when ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi tr 2 g À 4 p lies in the trace-field of G seems intrinsically interesting in our (and other) contexts, as in the case of the example above: we refer to them as special hyperbolics or if the context is clear, just as specials. Similarly, rationals fixed by a special hyperbolic will be referred to as special (values).
In §5 we compile some values of u 2 for which Dðu 2 ; 2tÞ is known to contain a special hyperbolic. In these cases one knows that the cusp set of the group is a proper subset of Q.
Since the groups D ð2Þ ðu 2 ; 2tÞ < PSLð2; QÞ;
if g A Dðu 2 ; 2tÞ is a special hyperbolic its fixed points will lie in Q. Since the cusp set of PSLð2; ZÞ (and hence any group commensurable with PSLð2; ZÞ) is Q W fyg, arithmetic Fuchsian groups contain no special hyperbolics. Similarly, pseudomodular groups also have no special hyperbolics.
Showing that a given value of ðu 2 ; 2tÞ does give a pseudomodular surface is a good deal more subtle and is accomplished by establishing a reduction procedure which will move any rational to y (in essence a Euclidean algorithm).
Since each Dðu
2 ; 2tÞ comes equipped with a version of the Euclidean algorithm coming from the fundamental domain, it is relatively simple (with the aid of a computer) to find candidate values of u 2 by checking whether all the fractions p=q in the interval ½0; 2t (in fact ½0; t su‰ces) with q fairly small can be moved to y by the group Dðu 2 ; 2tÞ. The rigourous proof that such candidate examples are in fact pseudomodular is harder. We illustrate the reduction principle in this section by showing:
Theorem 2.4. The group Dð5=7; 6Þ is pseudomodular.
Notice that for Dð5=7; 6Þ, trðg and so Dð5=7; 6Þ cannot be commensurable with SLð2; ZÞ.
The final step of this theorem involves some computation, but we provide in §7 all the information so that this step can be easily reconstructed.
The principle lying at the heart of our procedure is the following. To economise on notation we shall fix ðu 2 ; 2tÞ ¼ ð5=7; 6Þ. We give two illustrative examples.
Example 1. One finds that
throws 5=28 to y. One computes that the action of this group element on a generic rational p=q is given by
It follows that the solutions to the inequality j28p À 5qj < jqj form an interval about 5=28 of the form ð5=28 À 1=28; 5=28 þ 1=28Þ. We refer to this interval as the killer interval associated to the fraction 5=28; any rational in this interval will have its denominator strictly decreased by application of the killer word g 1 :
Notice that the killer interval is determined by the rational number since although there is an ambiguity in the group elements which throw 5=28 to infinity, this ambiguity is completely accounted for by postmultiplication by an element of stabðyÞ and this upper triangular subgroup does not alter denominators. We note that killer intervals are only defined for those rational numbers which are cusps.
Example 2. One finds that
throws 1=2 to y. In this case one computes:
35ð2p À qÞ and in this case the solutions of the inequality j35ð2p À qÞj < jqj still give rise to a killer interval, but it is the much thinner interval 1 2
. We refer to the integer 35 as the contraction constant for 1=2.
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In general, given a word of the group w throwing a=b to y we obtain a killer interval by solving an inequality of the form jcðbp À aqÞj < jqj; this is the region where the word w is guaranteed to reduce denominators. We denote such a region by ða=b : cÞ.
It is this second behaviour which does not occur for the modular group; we sketch a proof below that for the modular group the contraction factor for any rational number is 1.
Our reduction principle is easily summed up: Theorem 2.5. Suppose that Dðu 2 ; 2tÞ is such that the interval ½0; 2t can be covered by killer intervals.
Then Dðu 2 ; 2tÞ has cusp set all of Q W fyg.
Proof. Given a rational number p=q it is equivalent by a translation in the group (an operation which does not alter denominators) to a rational number in the interval ½0; 2t, so we may as well assume p=q A ½0; 2t. The existence of a killer interval about p=q implies that there is a g 1 A Dðu
2 ; 2tÞ such that g 1 ð p=qÞ has denominator q 0 with q 0 < q. By subsequent reductions via killer intervals and elements g i we get to denominator 0, and hence a word W ðg 1 ; . . . ; g n Þ A Dðu 2 ; 2tÞ such that W ðg 1 ; . . . ; g n Þð p=qÞ ¼ y as required. r
Remark. For any value of ðu 2 ; 2tÞ the union of the killer intervals is always a dense open subset of ½0; 2t; it is not actually necessary for the union of the killer intervals to cover ½0; 2t in order for the group to be pseudomodular, only that the complement of this union contains no rational points.
We comment briefly on the situation when ðu 2 ; 2tÞ ¼ ð1; 6Þ thereby giving the modular torus H 2 =Dð1Þ with Dð1Þ < PSLð2; ZÞ. Of course it is well-known in this case that the cusp set is Q W fyg.
Using the group Dð1; 6Þ, one easily computes that the integers between 0 and 5 all have contraction constant 1 and this set of intervals covers ½0; 6-the intervals have length 1 with integer endpoints. This then implies (after the fact) that all the contraction constants are 1.
Indeed the task of covering the interval with killer intervals is simplified because the groups Dðu 2 ; 2tÞ are all hyperelliptic. It will follow from the lemma below, and (as remarked in the introduction), the fact that the cusp set is preserved by passage to a subgroup of finite index, that it su‰ces to cover the interval ½0; t.
The following lemma is well known: Lemma 2.6. There exists a Z 2 -supergroup D 0 ðu 2 ; 2tÞ of Dðu 2 ; 2tÞ of signature ð0; 2; 2; 2; 1Þ where the parabolic element is translation by t.
Proof. A punctured torus equipped with any complete hyperbolic metric admits a hyperelliptic involution which acts as rotation by p around an axis through the puncture Long and Reid, Pseudomodular surfaces and meeting the surface in three points. The quotient orbifold is easily seen to be a 2-sphere with 3 cone points of order 2, hence the claim about the signature of the supergroup. Now a standard presentation for such a Fuchsian group is given by hx; y; z; g j
where g is a parabolic element. Notice that g does not live in Dðu 2 ; 2tÞ but its square does, and so under the normalization for D 0 ðu 2 ; 2tÞ we deduce that g acts as translation by t. r
In particular, the hyperelliptic involution to the torus induces an automorphism of the free group of rank two given by g i ! g
Setting aside the arithmetic cases, for a given u 2 the contraction constant can be arbitrarily large, and can be large even for quite simple rationals, for example one finds that when u 2 ¼ 5=7, the contraction factor for 2=9 is 109375. Given ðu 2 ; 2tÞ, it appears to be quite di‰cult to predict what the contraction constant is for a given p=q, even assuming that Dðu 2 ; 2tÞ is pseudomodular.
The proof of Theorem 2.4 in the case ðu 2 ; 2tÞ ¼ ð5=7; 6Þ is completed by exhibiting a collection of killer intervals covering ½0; 3; one such family is provided in the Appendix §7.
A complete list of noncommensurable nonarithmetic groups which have been proved to be pseudomodular in this fashion is contained in: Theorem 2.7. The groups Dðu 2 ; 2tÞ for ðu 2 ; 2tÞ in the set fð5=7; 6Þ; ð2=5; 4Þ; ð3=7; 4Þ; ð3=11; 4Þg are all pseudomodular and noncommensurable.
A covering by killer intervals in each of these cases is exhibited in §7. That the four groups listed here are noncommensurable can be proved by simple denominator considerations in all but one case; this case can be dealt with by computing the minimal element in the commensurability class and applying results of Margulis.
We note that in addition, there are other choices (listed in §7) for which there is extensive computer evidence that the group is pseudomodular, but an approach based on finding a finite set of killer intervals seems to fail. We recall the notation ð p=q : cÞ indicates a killer interval centred at p=q and with contraction constant c, that is to say, the interval À p=q À 1=ðc Á qÞ; p=q þ 1=ðc Á qÞ Á .
This collection has the property that the closures of the intervals cover ½0; 2, but the interiors miss out the two points 1=2 and 3=2. This is a reflection of the fact that this group contains specials fixing these points. The covering by killer intervals allows one to prove: Theorem 2.8. (i) The group Dð3=4; 4Þ contains exactly one conjugacy class of special hyperbolics.
(ii) Every rational number is either a cusp of Dð3=4; 4Þ or is equivalent to 1=2 or 3/2.
We conjecture this kind of phenomenon should happen much more generally.
This example also has the interesting feature:
Theorem 2.9. The rational p=q is a special value for Dð3=4; 4Þ if and only if q is even and not divisible by 4.
Sketch of the proof. Since the killer intervals cover all of ½0; 2, we can reduce the denominator of any rational until it is either 1 or 2 (as in 2.8) and an elementary case-bycase analysis with each generator shows that the property that p=q has q even and is not divisible by 4 is preserved by the group. r 3. The group D(5/7,6) 3.1. The Hurwitz constant for the group D(5/7,6). In this section we examine some aspects of the pseudomodular group Dð5=7; 6Þ ¼ D, in particular we estimate its Hurwitz constant and compare its horoball pattern with that of the classical modular torus.
To estimate the Hurwitz constant we use the ideas of Vulakh, see [19] . We recall that the Hurwitz constant in our setting is defined as follows. The Hurwitz constant h is the largest constant so that for every irrational number a there are infinitely many group elements g A D with ja À gðyÞj < h À1 cðgÞ À2 :
In [19] it is shown that if F denotes a Ford domain for D, then one can estimate h. For convenience, we recall some of [19] in the context of F. Using the symmetry described in §2.1, the Ford domain F is symmetric about the line x ¼ 3, and so to give the estimates it su‰ces to consider only the part of the Ford domain lying over the interval ½0; 3. This is depicted in Figure 3 .1. We claim that the four isometric circles centred at f0; 5=7; 2; 3g of radii respectively ffiffi ffi 
Referring to Figure 3 .1, the result of [19] says that to obtain an estimate for h, it su‰ces to find the height of the lowest vertex of the Ford domain. If h v denotes this height, then Theorem 1 of [19] gives h e 1=2h v . An exercise in trigonometry gives the height of the lowest vertex in Figure 3 For more on how the Hurwitz constant varies over the moduli space of 1-punctured tori, see [8] .
3.2. The horoball patterns. We begin by recalling some facts about parabolic elements in PSLð2; QÞ which will be useful in what follows.
Lemma 3.1. Let p; q be co-prime integers, and g A PSLð2; QÞ a parabolic element fixing p=q. Then g has the form
for some constant k with k 2 A Q. Furthermore, there exists an integer 0 < nðgÞ such that g nðgÞ A PSLð2; ZÞ.
Proof. Every p=q is PSLð2; QÞ-equivalent to infinity. The form of an element mapping infinity to p=q is: 
Choosing an appropriate m ¼ nðgÞ to clear denominators of k 2 proves the second statement. r
We begin by proving that there is no uniform bound on the nðgÞ's for parabolic elements in a pseudomodular group: Theorem 3.2. Suppose that G is pseudomodular. Let Nð p=qÞ be the smallest integer for which the generator of the parabolic subgroup of G stabilising p=q powers into the modular group.
Then the set fNð p=qÞ j p=q A Qg is unbounded.
Proof. Suppose to the contrary that this set were bounded, so that there would be a uniform power K which worked for every rational. In particular, choosing a generator c for the stabiliser of y in G we see that the elements gðc K Þg À1 A SLð2; ZÞ for every g A G. It follows that the subgroup N say, generated by these elements is a subgroup of SLð2; ZÞ. Clearly, N is simply the normal closure of c K in G, and in particular is a non-trivial normal subgroup of G. However it follows from results of Bass (cf. [3] , Prop. 2.8) that the presence of a normal subgroup with all traces in Z implies the ambient group has traces which are all algebraic integers, a contradiction in the pseudomodular case. r
We now examine the failure of the existence of any uniform power; it turns out that for the group Dð5=7; 6Þ one can give a fairly elegant answer. To this end we recall that one can define a maximal horoball in H 2 =G and that the preimage of this horoball in H 2 gives a complex of horoballs centred on the cusp set of G any pair of which are tangent or disjoint. For the modular torus one sees rather easily that this complex is connected, a reflection of the fact that the maximal horoball carries the entire fundamental group of the modular torus.
This can fail for other values of ðu 2 ; 2tÞ. In particular, in the case Dð5=7; 6Þ, one sees that the maximal horoball centred at y in this group is tangent only to maximal horoballs centred at 2 and À1 (and of course the translates of this pair by stabðyÞ). It follows that the set of horoballs which are connected to y is the orbit of the subgroup carried by this complex in H 2 =D which one sees is hg 1 ;
We denote this subgroup by S y . Components of the horoball complex correspond to cosets of S y in Dð5=7; 6Þ. We claim: Theorem 3.3. The group S y inside Dð5=7; 6Þ contains a subgroup of finite index which lies inside SLð2; ZÞ.
In particular, fNð p=qÞ j p=q A S y ðyÞg is bounded. 2 are all rational integers and it follows that the canonical subgroup of index four can be conjugated into SLð2; ZÞ. This conjugation carries rationals to rationals so must lie inside GLð2; QÞ. By passing to a congruence subgroup deep enough to clear denominators in the conjugating matrix, it follows that S y contains a subgroup of finite index which actually lies in SLð2; ZÞ. r Remark. For S y inside Dð5=7; 6Þ, one finds that a bound is 6.
We see immediately:
Corollary 3.4. For each fixed g A Dð5=7; 6Þ, the set fNð p=qÞ j p=q A gS y ðyÞg is bounded.
This analysis has another consequence. At each rational number, it makes sense to consider two horoballs, namely the image of the maximal horoball coming from the modular torus and the image of the horoball coming from the pseudomodular torus. Suppose that S is some set of rationals then we say that the modular torus and a pseudomodular torus are quasicomparable on S if there is a distance D so that for every rational p=q A S, the modular horoball at p=q is within distance D of the pseudomodular horoball at p=q. Proof. It follows from Theorem 3.3 that there is a subgroup N Ã e SLð2; ZÞ which is normal and of finite index in S y . Choosing some finite set of coset representatives we see that there is a uniform bound on the size of denominators which can appear in S y .
Note that if p=q A S y ðyÞ, say MðyÞ ¼ p=q, then M must have the shape rp * rq * for some rational r. The denominator of r is bounded by the above paragraph. Moreover, writing M ¼ x Á m Ã , where m Ã A N Ã and x is one of the fixed coset representatives, we see that it is also possible to bound the numerator of r, for example by the determinant of the integral matrix that one obtains by clearing fractions in x.
The image of a height 1 horoball centred at y under the matrix a b c d has radius 1=jcj 2 , so that the modular horoball centred at p=q has radius 1=jqj 2 and the pseudomodular horoball has radius 1=jrqj 2 ; however the above argument establishes bounds on r and the result follows. r 3.3. A pseudo-Farey tessellation of the hyperbolic plane. We begin by recalling the Farey tessellation of the hyperbolic plane, see [17] for more details. Let T denote the ideal triangle in the hyperbolic plane with vertices f0; 1; yg. The images of T under SLð2; ZÞ tessellate the hyperbolic plane, giving the so-called Farey tessellation of the hyperbolic The reason for the name is the connection with Farey sequences. The nth-Farey sequence F n is the set of rationals p=q with jpj; jqj e n arranged in increasing order. Thus, F 1 is: Ày; À1; 0; 1; y; F 2 is: Ày; À2; À1; À1=2; 0; 1=2; 1; 2; y and so on. If p=q < p 0 =q 0 are consecutive rationals in some Farey sequence then p 0 q À pq 0 ¼ 1. Thus T can be constructed by drawing the vertical line through 0 and then successively joining adjacent rationals in each Farey sequence. Now consider a pseudomodular group Dðu 2 ; 2tÞ, and the fundamental domain Q ðu 2 ; 2tÞ for such a group pictured in Figure 3 .2. By definition of Dðu 2 ; 2tÞ, the tessellation of the hyperbolic plane given by the Dðu 2 ; 2tÞ-images of Q ðu 2 ; 2tÞ has vertex set precisely Q W fyg. We define this tessellation to be a pseudo-Farey tessellation. See Figure 3 .2 for part of Q ð5=7; 6Þ . Note Q ð1; 6Þ is essentially the Farey tessellation discussed above-the edge ½0; y and its images needs inserting. However, it is more natural for the pseudomodular groups to consider the tessellation Q ðu 2 ; 2tÞ .
Giving a number theoretic description of the tessellation F ðu 2 ; 2tÞ , as was done for the Farey tessellation, seems a good deal harder. Indeed an initial question could be: is there such a description? However, one can use Q ðu 2 ; 2tÞ to formally define pseudo-Farey sequences of rationals fF n ðu 2 ; 2tÞg, as follows: First consider the Farey sequence fF n g, F 1 can be identified with a sequence of triangles fÀy; À1; 0g, f0; 1; yg, F 2 can be identified with a sequence of triangles fÀy; À2; À1g; fÀ1; À1=2; 0g; f0; 1=2; 1g; f1; 2; yg; and so on. For pseudomodular Dð5=7; 6Þ we can proceed as follows using quadrilaterals (refer to Figure 3. 2): F 1 ð5=7; 6Þ is: Ày; À1; 0; 5=7; y; F 2 ð5=7; 6Þ is: Ày; À16=7; À7=4; À1; À4=7; À5=14; 0; 5=16; 20=49; 5=7; 5=4; 2; y; and so on.
Remark. If we consider groups I of the type defined in the proof of Corollary 4.1 below, observe that this group preserves both the Farey tessellation and any pseudo-Farey tessellation Q ðu 2 ; 2tÞ arising from a pseudomodular group.
The finitely generated intersection property
A group G is said to have the finitely generated intersection property if for any pair of finitely generated subgroups H and K, H X K is also finitely generated. We abbreviate this and say G has fgip. It is well known that if G is a finitely generated Fuchsian group, then G has fgip.
4.1.
We can use pseudomodular surfaces to show: Corollary 4.1. The group PSLð2; QÞ (and hence PSLð2; RÞ) does not have the finitely generated intersection property.
Proof. Let G denote the pseudomodular group given by Theorem 1.1. We claim that the intersection I ¼ G X PSLð2; ZÞ cannot be finitely generated. The reason is this: Notice that given a rational number, each group contains a parabolic element which stabilises it. By Lemma 3.1 some power of the parabolic element in G stabilising p=q is in the group PSLð2; ZÞ, that is to say, there is a parabolic subgroup in I which stabilises p=q. From this it follows that the limit set of the group I is the entire circle at infinity.
From this it follows that if I were finitely generated, H 2 =I would be a finite area surface and this surface obviously covers H 2 =D and H 2 =PSLð2; ZÞ. Since H 2 =D has finite area both these coverings are finite, so that I must be of finite index in both groups, a contradiction which completes the proof. r This corollary gives negative answers to questions 11 and 12 of the problem list [2] . In fact the following theorem can be proved in exactly the same way: Theorem 4.2. Let G be a finitely generated Fuchsian group of the first kind containing a parabolic element satisfying the following:
Þg is a subgroup of PSLð2; QÞ.
(2) There exists an element g A G such that trðg 2 Þ B Z.
Then G X PSLð2; ZÞ is infinitely generated.
Proof. We sketch some of the details, since the proof follows the argument in Corollary 4.1. Now G contains parabolic elements by assumption, and since G ð2Þ < PSLð2; QÞ, the set of parabolic fix-points of G ð2Þ , and therefore G, is contained in Q W fyg. It follows by Lemma 3.1 that any parabolic element of G powers into PSLð2; ZÞ. The set of parabolic fix-points of G is dense in R W fyg (else G is not finite coarea) and so it follows that the limit set of G X PSLð2; ZÞ is R W fyg. The second condition implies that G and PSLð2; ZÞ are not commensurable, and so the intersection is infinitely generated as before. r 4.2. The examples above allow us to construct certain S-arithmetic groups that do not have fgip. Little seems known about fgip for lattices in general Lie groups. It is known that SLðn; ZÞ does not have fgip for n f 4, as is easy to see by injecting the fundamental group of a fibered hyperbolic 3-manifold in SLð4; ZÞ (e.g. the group of the Borromean rings injects, by taking the obvious injection of SLð2; Z½iÞ into SLð4; ZÞ). We do not know the answer for n ¼ 3.
However, consider the pseudomodular group Dð5=7; 6Þ, and the subgroup G of index 4 discussed in the introduction. It is easy to check that G is contained in SL 2; Z The value ðu 2 ; 2tÞ ¼ ð3=11; 6Þ is the first occurence where the behaviour is not even conjecturally determined; there are rational numbers for which the Euclidean algorithm does not seem to converge, but no special has been found. The first occurence of this behaviour for the other family is at ðu 2 ; 2tÞ ¼ ð2=19; 4Þ. 
Open questions
The existence of pseudomodular groups raises many questions.
1. For which values of ðu 2 ; 2tÞ are the groups Dðu 2 ; 2tÞ pseudomodular?
2. Are there finitely many pseudomodular groups up to commensurability?
3. Can the killer intervals associated to Dðu 2 ; 2tÞ cover ½0; t except possibly for some irrational points? This su‰ces to prove Dðu 2 ; 2tÞ is pseudomodular. The example of the covering for Dð3=4; 4Þ (see §7.5) shows that a covering may omit only a finite number of points.
Does Dðu
2 ; 2tÞ always contain only finitely many conjugacy classes of special hyperbolic? Is there a way to predict which rationals will be fixed by some special hyperbolic? More generally, for a fixed Dðu 2 ; 2tÞ, is every rational equivalent to either a cusp or one of a finite number of points fixed by a special hyperbolic?
We remark that it seems that this may not always be the case, for example the chaotic example Dð3=11; 6Þ. However, the nonchaotic examples do appear to behave in this way.
5. Is there a recursive formula for Q ðu 2 ; 2tÞ ?
6. Which quadratic irrationals are the endpoints of hyperbolic elements in Dðu 2 ; 2tÞ?
Our normalization is such that D ð2Þ ðu 2 ; 2tÞ H PSLð2; QÞ. Hence, if g A Dðu 2 ; 2tÞ is hyperbolic but not a special hyperbolic, it has an axis with endpoints lying in a real quadratic number field. In the case of Dð1; 6Þ since it is of finite index in PSLð2; ZÞ, every real quadratic number is a fixed point of some hyperbolic element in the group. We believe this is well-known, but we cannot find a suitable reference. A proof is sketched below (see Proposition 6.1). In connection with this question, we raise:
7. Can a nonarithmetic Dðu 2 ; 2tÞ be isoaxial with SLð2; ZÞ?
Recall that two Fuchsian groups are defined to be isoaxial if they share the same set of axes in H 2 . If both the Fuchsian groups are assumed arithmetic, then [12] shows they are commensurable (without conjugating). There is considerable experimental evidence that the pseudomodular groups we know of are not isoaxial with SLð2; ZÞ; for example it would appear that if A denotes the axis of the element A puzzling empirical observation is that in all of the cases that M A SLð2; ZÞ À Dð5=7; 6Þ;
but M k is in Dð5=7; 6Þ, then k e 36 and 4jk. Similar behaviour is exhibited in the other examples.
Proposition 6.1. Let q be a real quadratic number. Then q is the fixed point of a hyperbolic element of PSLð2; ZÞ. The link in Figure 6 .1(a) has arithmetic complement being commensurable with H 3 =PSLð2; O 3 Þ, (where O 3 is the ring of integers in the number field Qð ffiffiffiffiffiffi ffi À3 p Þ) and so the cusp set (for a suitable representation) of the link group is Qð ffiffiffiffiffiffi ffi À3 p Þ W fyg. By [13] mutation does preserve the invariant trace-field, however, it can be shown that the mutant in Figure 6 .1(b) has a special fixing À3=2 þ i ffiffi ffi 3 p .
Another interesting feature of this example is that the link group of the mutant has a non-integral trace, and so gives an example where mutation does not preserve integrality of traces.
However, we have computer evidence that suggests there do exist analogues of pseudomodular groups in dimension 3.
Appendix: Killer intervals
For the convenience (?!) of the reader, we provide a list of killer intervals for the groups we know to be pseudomodular. The notation in the list below is (rational number, contraction constant) which specifies the killer interval completely. If this untiring reader wishes to check for himself that these intervals work, the computation is two-fold. First one needs to check that these intervals cover, an easy if tedious computation made somewhat easier by the fact that they are in ascending order.
The second phase takes a little more work, one needs to check that the contraction constants are as claimed; this is not di‰cult, one writes a short computer program which performs the Euclidean algorithm with the given matrices. 
